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Solution of the Unsteady Euler Equations Using
an Implicit Dual-Time Method

L. Dubuc,* F. Cantariti,* M. Woodgate," B. Gribben,” K. J. Badcock,* and B. E. Richards®
University of Glasgow, Glasgow G12 8QQ, Scotland, United Kingdom

An unfactored implicit time-marching method for the solution of the unsteady two-dimensional Euler equa-
tions on deforming grids is described. The present work is placed into a multiblock framework and fits into the
development of a generally applicable parallel multiblock flow solver. The convective terms are discretized using
an upwind total variation diminishing scheme, whereas the unsteady governing equations are discretized using an
implicit dual-time approach. The large sparse linear system arising from the implicit time discretization at each
pseudotime step is solved efficiently by using a conjugate-gradient-type method with a preconditioning based on
a block incomplete lower-upper factorization. Results are shown for a series of pitching airfoil test cases selected
from the AGARD aeroelastic configurations for the NACA 0012 airfoil. Comparisons with experimental data and
previous published results are presented. The efficiency of the method is demonstrated by looking at the effect of a
number of numerical parameters, such as the conjugate gradient tolerance and the size of the global time step and
by carrying out a grid refinement study. Finally, a demonstration test case for the Williams airfoil (Williams, B. R.,
“An Exact Test Case for the Plane Potential Flow About Two Adjacent Lifting Aerofoils,” National Physical Lab.,
Aeronautical Research Council, Research Memorandum 3717, London, 1973) with an oscillating flap is presented,
highlighting the capability of the grid deformation technique.

Nomenclature
A = left-hand-sidematrix of the linear system
b = right-hand-side vector of the linear system
C = preconditioning matrix
C, = lift coefficient
C, = pitching moment coefficient
C, = normal force coefficient
C, = pressure coefficient
c = airfoil chord
E = specific total energy
F,G = convective fluxes
k = reduced frequency
M, = freestream Mach number
D = static pressure
R;; =fluxresidual
R}, = unsteadyresidual
t = time
U,V = contravariantvelocities
U,  =freestream velocity
u,v = Cartesian velocity components
Vi; = control volume
w = vector of conservative variables
x = solution vector of the linear system
x,y = Cartesian coordinates
X = moment center
X;,y, = grid speeds
o = angle of attack
o, = mean angle
o = amplitude of oscillation
At = real time step
At* = pseudotime step
o = density
1) = angular frequency
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Subscripts

= computational cell
= freestream conditions

i,Jj
o0

Superscripts

m = time level of the approximationin pseudotime
n = time level of the approximationin real time

I. Introduction

NSTEADY flows are at the center of many engineering prob-

lems, including helicopter aerodynamics, acoustics, fluid-
structure interaction, and free surface problems. Owing to the cost
of experiments, computational tools have an important role to play
in this area. However, the application of computational fluid dy-
namics (CFD) methods is very complex, and its routine use for
three-dimensional unsteady problems, such as the rotor environ-
ment or full aircraft simulation, is unlikely in the near future.
Nevertheless, progress is being made in this direction, and stud-
ies of three-dimensional flows governed by the Reynolds-averaged
Navier-Stokes equations are being reported in the literature with
increasing frequency.

An important issue for a practical CFD code is the efficiency of
the numerical method, especially for unsteady flow computations
where a large number of time steps may be required. Explicit meth-
ods are simple to implement, but for many problems the allowable
time step for stability is much smaller than that required for accu-
racy. For unsteady flows, where most of the accelerationtechniques
developed to speed up steady flow calculations cannot be used as
they destroytime accuracy, this resultsin a very large number of time
steps. Implicit schemes, on the other hand, allow much larger time
steps, but the work required per time step may be large, particularly
in three dimensions.

With the introduction by Jameson' of a dual-time approach, the
use of explicitmethods for unsteady flow computationshas regained
popularity. The method uses an implicit real-time discretizationbut
ateachreal time step marches the solutionin pseudotimeto a steady
state through an explicit time-marching scheme. The acceleration
techniques of steady flow calculations can then be used because
the marching process is done in pseudotime. This approach has
led to considerable improvements compared with previous explicit
methods based on single time discretization. Although originally
developed to accelerate standard explicit time-marching schemes,
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the dual-time method can be used in conjunction with any efficient
steady-state code.

The general approach adopted by the CFD group at the Univer-
sity of Glasgow is to use high-order upwind differencing schemes
to provide accuracy and robustness and to use implicit methods to
provide efficiency. Benefiting from the general experience gained
throughthe developmentof two-dimensionaland three-dimensional
implicit steady and unsteady codes,>™> effort is now being put into
the development of methods that fit into a generally applicable par-
allel multiblock flow solver3-6

The large sparse linear system that arises from the implicit time
discretization is solved efficiently by using a conjugate-gradient-
type method. The preconditioningstrategy is a crucial factor in the
efficiency and the success of these methods. In Refs. 3 and 5, an
alternating-direction implicit factorization was used as a precondi-
tioner for the solution of the linear system at each iteration. This
approach proved successful on a number of steady and unsteady
airfoil test problems?-*>:7 Following the dual-time approach, this
implicit method is used in the current paper to solve for the pseudo-
time steady state. This provides several improvements when com-
pared with previous work using the single time approach,’ as will
be described later. To enhance the parallel efficiency of the method,
which dependslargely on the interblockcommunicationrequired by
the solution algorithm, we use here a block incomplete lower-upper
(BILU) factorization for the preconditioner that allows decoupling
between the blocks for the solution of the linear system. Previousre-
sults obtained with the parallel multiblock code have been reported
inRefs. 5, 6, and 8 for some standard airfoil test cases and for some
demonstration cases for complex two-dimensional geometries. En-
couraging results were obtained for all cases.

We propose here to demonstrate the capability of the method for
a series of unsteady problems, including a demonstration test case
for the Williams airfoil with an oscillating flap. The grid treatment
is described in Refs. 9 and 10.

II. Two-Dimensional Governing Equations

The two-dimensional Euler equations in Cartesian coordinates
(x, y) can be written in nondimensional conservative form as
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In the preceding equations, the terms U and V are defined by
U=u-x, V=v-—y

The equations are discretized using a cell-centered finite volume
method that transforms the partial differential equations into a set
of ordinary differential equations that can be written as

d
E(Vi.jwi.j)"f‘Ri.j(W) =0 (2)

where R; ; (W) is the flux residual for the cell (i, j) that contains
all of the terms arising from the spatial discretization. The convec-
tive fluxes are discretized using the Osher upwind flux difference
splitting scheme together with a MUSCL variable extrapolation to
provide second- or third-order accuracy in space. The Von Albada
limiter is used to ensure monotonic solutions around shock waves.
Finally, the far-field boundary conditions are treated by the charac-
teristic boundary method based on the Riemann invariants.

III. TImplicit Dual-Time Method

The original implicit dual-time approach was introduced by
Jameson! and allows an implicit discretization to be used in real
time with the solution at the new time level being obtained through
an iterationin pseudotime. This permits the accelerationtechniques
of steady flow, such as local time stepping, residual smoothing, and
multigrid or implicit methods, to be used to update the solution. This
alsoallows the real time step to be chosenbased on accuracyrequire-
ments alone without stability restrictions. The dual-time method can
be obtained from a steady Euler solver by means of a few modifi-
cations and is therefore very attractive when extending steady flow
methodologies to unsteady problems. The method has been used
mostly in conjunction with multigrid algorithms and applied to both
the Euler''!' and Navier-Stokes'? equations, on structured and un-
structuredgrids,usingeitherrigid grids or generalmesh deformation
algorithms."?

In this work, we propose to apply the dual-time method in con-
junction with an implicit time-stepping method for the solution of
the steady-stateproblemin pseudotime.In Ref. 3, implicittime step-
ping was used without pseudotimeiterations. However, the solutions
obtained by this method, which uses a single time discretization,
were only first-order accurate in time. By using a dual-time ap-
proach with pseudotimeiterations, it is possible to improve the time
accuracy to second order. Time accuracy can be further enhanced
by using a third-order implicit time discretization rather than the
second-order discretization described later, as shown by Ref. 14.
However, this is achieved at the expense of additional storage for an
extra time level of accuracy, which is not always necessary consid-
ering the good accuracy obtained in general with second-ordertime
discretization.

We consider here the unsteady governing equations written in
discrete form as shown in Eq. (2). This set of equations is then
discretized in time by using a fully implicit time discretization (in
real time) to give

d

dt(vn+lwn+l)+R (Wr1+l)_0 (3)

where the superscriptn + 1 denotes the time level (n + 1) At of the
approximation.Following Jameson,' the time derivativeis approxi-
mated by a second-orderbackward difference discretization,and so
Eq. (3) becomes
3v_n.+ IWfrfr I _ 4V W, + an IW”7 1

LJ LJ 2!At L, i,j +R (W,,+1) O (4)

This equation for W”f " is nonlinear and therefore cannotbe solved
analytically. At this stage, it is convenient to define a new residual
R*, referred to as the unsteady residual, by

n+lwn+l

n R VAR | N VAUl ¥
* n—+1y L) i, i, i,J i,]
Ry, (W'l =

2At

+Ri.j (Wn+ 1) =0 (5)

This new equation can be seen as the solutionof a steady-stateprob-
lem that can be solved with a time-marching method by introducing
a derivative with respect to a pseudotime 7*:

oW ! 1
—_ +
ot Vin;rl

R;k.j(erJrl) =0 (6)

The steady-state solution to Eq. (6) satisfies

n+1

% =0 (7
at*

which means it also satisfies R*J (W"+1) =0 and hence is also the
solution of the unsteady equation (5). The pseudotime problem can
be solved by using any time-marching method designed to solve
steady-state problems, utilizing any of the standard acceleration
techniques.
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IV. Implicit Unfactored Method
The steady-state problem in pseudotime to be solved at each
global time step is rewritten as
oW,

; 1
—L 4+ —R* (W) =0 8
pYe +V,-,, L (W) 8

where t* is the pseudotime, W; ; is the approximationto W; F !, and
R; ;(W) is defined by Eq. (5) and contains the terms arising from
the spatial discretization of the fluxes and those arising from the
implicit discretization of the time derivative:

n n n—1 n—1
3Viy Wiy  2ViWE, n Vii Wi
2At At 2At

Using an implicit time discretization on the pseudotime t*, Eq. (8)
is discretized as

R ;(W)=R:;(W)+ C))

AW,' ) W;’1.+1 _ W;n. 1
[ -] A R:k ~(Wm+l) (10)
At At Vi,

where the superscriptm + 1 denotes the time level (m + 1)At*. In
this equation, the flux residual on the right-hand side is evaluated at
the new time level (m + 1) and is therefore expressed in terms of
the unknown solution at this new time level. To get an expression
in terms of known quantities only, i.e., solution at the previous time
levels, the term R*(W™ 1) is linearized with respect to the time
variable *:

*

sk m+1 * m oR *
R (W™ ~ R (W) + —— At

~ Ry 4 BIW e
oW or*
oR*
ow
where AW = W"*+!1 — W™ and, according to Eq. (9),

dR* _ dR 3V
AW~ OW  2Af

Substituting the preceding in Eq. (10), one implicit pseudotime step
can be written as

4 + 3V I+ oR AW = —R*(W™) (12)
A+ 2At aw B

NRI(W") + — AW

an

Equation (12) is the unfactored linear system that arises from
the implicit time discretizationin pseudotime. This linear system is
similar to that obtained for a standard steady-state problem (without
dual time) and can thereforebe solved using the same method as that
used for steady-state problems. The difference between the linear
system given by Eq. (12) and that associated with a standard steady-
state problem lies first in the definition of the flux residual on the
right-hand side of Eq. (12), which is now given by Eq. (9), and
second in the presence of the extra term 3V /2At on the diagonal of
the Jacobian matrix on the left-hand side of Eq. (12).

If the equation for the updates is written in the form

Ax =b (13)
where A and b are given, respectively, by
Vv 3v R
A= — |1+ — 14
|:<At*+2At> +8Wi| (14

b= —R*(W) (15)

then the solution of the linear system given by Eq. (13) requires the
inversion of the matrix A.

The matrix A consists of 4 x 4 blocks. Its sparsity patternis deter-
mined by the method employed for the discretization of the spatial
terms in the model equations and is therefore known a priori. In
CFD applications,the matrix A is generally sparse, and many of the
block elements are zero matrices.

It is generally cheaper to use an iterative solution, such as a pre-
conditioned conjugate gradient method, rather than a direct method
to solve a sparse linear system. A conjugate-gradient-type method
can be used to solve the preconditioned system

C'Ax=C"b (16)

where C~! ~ A~! is the preconditioningmatrix. If C~! closely ap-
proximates A~!, then the conjugate gradient method will converge
quickly due to the modified spectrum of the system. However, the
effort and the cost to calculate C~! must be minimized for overall
efficiency.

The preconditioningis based here on a BILU factorization of A
into matrices LU, where L and U are block lower and upper tri-
angular, respectively, and partitioned in blocks consistent with the
sparsity pattern of A. The method s closely related to the full Gauss
factorizationmethod where the matrices are constructedrecursively
by applying a two-by-two block partitioning of the current matrix
where eliminationis to take place and then computingan approxima-
tion of the Schur components. The idea of incomplete factorization
methods is to reject the fill-in entries that occur in positions outside
a chosen sparsity pattern. In this way, the factorizationbecomes ap-
proximate, or incomplete, and must therefore be coupled with an
iterative solutionmethod;i.e., it is used as a preconditionerfor such
a method. To minimize the solution coupling between the blocks
in a multiblock grid system, the BILU factorization is decoupled
between the blocks ® 13

In the present work, we use the generalized conjugate gradient
(GCG) method to solve the system (16) as described in Ref. 16.
The GCG method is an iterative solution method that solves a lin-
ear system by minimizing a quadratic functional that measures the
linear solution error. The minimization takes place on a sequence of
subspaces of increasing dimension that are constructed recursively
by adding a new basis vector to the previous subspace. The GCG
method has been written to minimize the number of matrix-vector
and preconditioner-vector multiplications at the expense of some
extra vector operations. At every iteration of the GCG method, the
solution of the system (16) requires application of the precondi-
tioner. This is achieved by solving two triangular systems with the
matrices L and U, once by a forward substitution and once by a
backward substitution.

For the high-order spatial reconstruction schemes, the left-hand-
side matrix is constructed using terms associated with a first-order
spatial scheme only, while using a higher-orderright-handside. This
not only has the advantage of reducing the storage from nine blocks
per cell down to five blocks when high-order MUSCL extrapolation
is used, but also it has the effect of greatly reducing the number of
GCG steps per iteration and thereby increases the overall efficiency
of the method."”

V. Results for NACA 0012 Airfoil

A. Description of the Test Cases

In this report, we present the results obtained using the dual-time
method for a series of standard pitching airfoil test cases selected
from the AGARD database.!® The different test cases are listed in
Table 1. For all of these test cases, the periodic motion of the airfoil
is defined by the angle of attack as a function of time as

a(t) = o + ap sin(wt)
where o is related to the reduced frequency k by
k =wc/2U,

For all cases, the airfoil oscillates about its quarter-chord.

Table1l AGARD test cases for the NACA 0012
airfoil that are examined in this report

Case Mo, oy, deg o, deg k X
CT1 0.6 2.89 2.41 0.0808 0.273
CT2 0.6 3.16 4.59 0.0811 0.273

CT5 0.755 0.016 2.51 0.0814 0.25
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All of the results given in this report for the NACA 0012 airfoil,
except those related to the grid refinement study, were obtained
with the same grid, a C-type Euler grid consisting of 129 x 33 grid
points with 97 points on the airfoil, and a far-field boundary situated
at approximately 15 chords from the airfoil surface. The average
spacing for the first layer of points from the airfoil surface varies
between 0.0027 chord at the leading edge and 0.010 chord at the
trailing edge.

A fast deformation technique is employed here to regenerate the
grid in each block at each new time step. The method is based on a
modified transfinite interpolation algorithm applied to the grid dis-
placements. This technique provides a rapid and efficient way of
deforming the grid around complex geometries. It has been applied
successfullyto various configurations,includinga multielementair-
foil with an oscillating flap. A full description of the method can be
found in Refs. 9 and 10.

For all unsteady calculations, an initial solution is first obtained
by solving for the steady flow at the mean incidence before setting
the airfoil in motion to solve the unsteady flow equations. The initial
solution at each time step is obtained by linear extrapolation from
the last two solutions at the previous time steps. At each global time
step, the solution is marched in pseudotime until some specified
tolerance for the norm of the unsteady residual is reached. Here a
reduction of three orders of magnitude was found to be sufficient
to achieve a converged solution at each global time step. No gain
in accuracy for the solution in terms of normal force and moment
coefficients was noticed when using a higher degree of convergence.

B. Results

Results are shown in terms of normal force and moment coeffi-
cient loops and instantaneous pressure distributions that are avail-
able at a number of points during the pitching cycle. For case CTS5,
the moment coefficient is calculated about the airfoil quarter-chord,
whereas for cases CT1 and CT2 the moment coefficient is calcu-
lated about 0.273 chord. It was indicated in previous numerical
studies® !?-?0 that better agreement for the moment coefficient loop
was obtained by using this corrected value, suggestinga possible er-
ror in the location of the moment center quoted for the experiments.

To demonstrate the good accuracy obtained by the solver for un-
steady flow computations, we show in Figs. 1 and 2 the predicted
pressure distributions for case CT1 at eight different angles of inci-
dence during the cycle plotted against the measured pressure distri-
butionsas givenin the AGARD report.'® The diamonds symbols are
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Fig.1 Instantaneous pressure distributions for NACA 0012 airfoil.
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Fig.2 Instantaneous pressure distributions for NACA 0012 airfoil.

experimental data. Excellent agreement is obtained all throughout
the cycle with a sharp and accurate prediction of the shock wave
that develops on the upper surface of the airfoil as the incidence
increases. A slight overpredictionof the shock strengthis observed
near the maximum incidence (see Fig. 1c). Similar results were
obtained for the other two cases.

Results for case CT2 are given in Fig. 3 in terms of normal force
and pitching moment coefficient loops for various numbers of steps
per cycle. The loops are plotted for the third cycle of the computa-
tion only. Relatively good agreementis obtained compared with the
experimental values, although a slight overpredictionof the normal
force is observed throughoutthe cycle. Good agreementis obtained
for the moment coefficient computed at the corrected moment cen-
ter position of 0.273c. The present results compare relatively well
with those given in Ref. 13 for Navier-Stokes calculations.

However, although the neglect of the viscous effects may partly
explain the mismatch between prediction and experiment, it is not
clear why such large discrepancies appear in the normal force coef-
ficient loop when the pressure distributions were found to be almost
in perfect agreement with the experiment. As suggestedin previous
numerical studies, such inconsistencies could be associated with
some uncertainties in the experimental data for these test cases.2’

Finally, results for case CT5 are given in terms of normal force
and pitching moment loops for different grid sizes (Fig. 4). The flow
solution for this case is characterized by the presence of a strong
shock wave that develops alternatively on the upper and lower sur-
faces of the airfoil. Comparisons of the predicted and experimental
pressure distributions for this test case have shown some discrepan-
cies between prediction and experiment,'® with an overprediction
of the pressure jump across the shock and a slight oscillation of the
pressure at the foot of the shock. Also, the results have shown that
the shock was predicted slightly upstream of the experiment, which
is consistentwith mostresults (Euler or Navier-Stokes) givenin pre-
vious publications?:'4:1%:21-22 However, the present results showed
significant improvement compared with those obtained in Ref. 3
with a thin-layer Navier-Stokes solver.

Figure 4, which shows the normal force coefficient, indicates that
the C, is clearly underestimated all throughout the cycle. This is
probably due to the overprediction of the shock strength and its
location a little too far upstream, resulting in an underestimation
of the pressure coefficient compared with the experiment. Some of
the discrepancies can be associated with the neglect of the viscous
terms. The results obtained for the C,, are relatively good, although
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Normal force coefficient - NACAQ012 aerofoil (CT2)

20 steps/cycle ——
40 steps/cycle -----
08+ 80 steps/cycle ------ |
160 steps/cycle =
06 |
& o4t |
02 / |
0 s
-0.2 . ) ) . .
-2 -1 0 2 3 4 5 6 5 3
Incidence (Degrees)
0.05 Pitching moment coefficient - NACAD012 aerofoil (CT2)
20 steps/cycle —
gg s:epsjcyc{e fffff
[ steps/cycle ------ |
0.04 160 steﬁs/cgcle
0.03 -
& o002}
0011 ///
0
Mo .
e
V0 1 2z 3 4 5 6 7 8
Incidence (Degrees)

Fig.3 Effect of the size of the time step: integrated normal force coef-
ficient and pitching moment coefficient for case CT2.

it is clear that its value is also affected by the wrong prediction of
shock location.

C. Effect of the Size of the Time Step

The size of the global time step is a numerical parameter that
affects the efficiency of the conjugate gradient (CG) algorithm as
well as the time accuracy of the solution. However, the dual-time
method provides here a second-order discretization in time com-
pared with the first-order discretization associated with all single
time discretization methods based on time linearization. This also
has the advantage of allowing larger time steps to be used. Results
obtained with a single time discretizationmethod for similar studies
were given in Ref. 3. It was observed therein that, the smaller the
time step, the easier the linear system is to solve at each iteration
at the cost of an increased number of steps for each cycle for the
solution of the flow equations.

Here we investigate the effect of the size of the time step on the
efficiency and the accuracy of the flow solver. The results of this
investigationare given in Table 2 for the three AGARD test cases in
terms of the number of pseudotime steps and CPU time required to
compute one cycle when varying the size of the time step, i.e., the
number of steps per cycle.

For all cases, we note that, as the size of the global time step
increases, although the average number of implicit iterations per
time step increases, the overall number of implicit iterations per
cycle decreases, leading to a significant reduction in the overall
CPU time. Here the CPU time required to compute one cycle is
expressed in terms of work units, where one work unit is the time
required for one residual evaluation.

The reductionin CPU time for case CT2 is not as significantas for
the othertwo cases. The highanglesof incidenceencounteredduring
the cycle resultin a linear system that is harder to solve, especially
for large time steps, therefore requiring more CG iterations at each
pseudotime step.

Table 2  Effect of the size of the time step on the flow solver efficiency

Number of Number of Average number of
time steps  pseudotime steps  pseudotime steps  CPU/cycle,
Case  percycle per cycle perreal time step ~ work units
CT1 160 634 3.9 2643
80 503 6.3 1740
40 389 9.2 1649
20 274 13.7 1250
10 189 18.9 915
CT2 160 917 5.7 3860
80 667 8.3 2746
40 463 11.6 2275
20 506 25.3 2783
CTS 160 901 5.6 3814
80 617 7.7 3028
40 437 10.9 2201
20 292 14.6 1160
10 198 19.8 956

Normal force coefficient - NACAQOL2 aerofoil (CT5)
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Fig. 4 Grid refinement study: integrated normal force and pitching
moment coefficient for case CTS5.

The results of the present method using dual time compare favor-
ably with those given in Ref. 3 for the Approximate Factorisation-
Conjugate Gradient Squared (AF-CGS) code using a single time
discretizationapproach. For the same cases run on similar grids, the
AF-CGS coderequired at least 800 time steps per cycle forcase CT1
and at least 570 for case CTS. This was mainly due to the severe
restrictionsassociated with the time linearizationand the condition-
ing of the linear system. By comparison, the present method allows
very large time steps to be used, resulting in the number of time
steps per cycle being as small as 20 and even 10 in some cases.

The loops for the normal force and moment coefficients for case
CT2 are given in Fig. 3 for a varying number of steps per cycle.
The loops are plotted for the third cycle of the computation only.
All three cases present similar behavior with respect to the size of
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Table 3 Effect of the CG tolerance on the flow
solver efficiency

Number of
CGS pseudotime steps CPUlcycle,
Case tolerance per cycle work units
CT1 0.001 458 2235
0.01 503 2177
0.05 600 2361
0.1 694 3054
CT2 0.001 620 2950
0.01 667 2794
0.05 772 3574
0.1 874 3738
CT5 0.001 590 2736
0.01 617 2584
0.05 674 2971
0.1 752 3035

Table4 Grids used for the grid refinement study

Number of cells Number of

on airfoil cells along  Average distance
Name Size surface wake line of first cells
1 96 x 24 72 12 0.0039-0.015
2 128 x 32 96 16 0.0027-0.010
3 192 x 48 144 24 0.0018-0.0071
4 256 x 64 192 32 0.0014-0.0054

the global time step, with a very good agreement for the normal
force coefficient even for relatively large time steps, and a more
sensitive behavior for the moment coefficient, characterized by a
slight deterioration of the C,, prediction as the time step increases.
However, the benefit of using a second-order discretizationin time
appears clearly when looking at the good accuracy obtained at large
time steps.

D. Effect of the CG tolerance

Another numerical parameter that has an influence on the effi-
ciency of the CG method is the CG tolerance, i.e., the convergence
criterion used for the solution for the linear system. Table 3 shows
the results obtained for different tolerances varying from 0.001 to
0.1. The results given here were obtained on a 128 x 32 grid for 80
steps per cycle.

For all three cases consideredhere, we note thata strictertolerance
results in a larger number of CG steps at each implicit iteration but
an overall reduction in the number of implicit iterations per cycle,
whereas a less strict tolerance requires fewer CG steps periterations
but more iterations per cycle to converge to the solution. This can
be explained by the fact that larger, i.e., less strict, tolerances re-
sult in a linear system that converges quicker but presumably to a
lessaccuratesolution, leading to degraded pseudotime convergence.
Looking at the CPU time required, the optimum convergence crite-
rion for the CG algorithm is here 0.01. This value was used for all
of the results presented in this report.

E. Effect of Grid Refinement

Finally, we examine the effect of mesh refinement by carrying
out comparisons of the average number of implicit iterations per
cycle and the CPU time per cycle and per grid point for different
grid sizes. Four grids are considered here for this grid dependence
study (Table 4). All four grids were extracted from the same grid by
interpolatingthe stretching functionsto preservethe good quality of
the initial grid in terms of smoothness and grid line orthogonality.
The spacing of the first layer of grid points from the airfoil surface
increases from the leading edge to the trailing edge of the airfoil.
The spacing at the leading edge and trailing edge for each grid is
also given in Table 4. Also, all grids consist of three blocks. Note
that the 128 x 32 grid, i.e., grid 2, is the grid used to obtain all of
the other results given in this report.

The results are givenin Table 5 and were obtained for 80 steps per
cycle. As expected, the number of pseudotime iterations required

Table 5 Effect of grid refinement on flow solver efficiency

Number of
pseudotime CPUl/cycle, CPU/cycle/grid point,
Case Mesh steps per cycle  work units work units
CT1 96 x 24 472 1941 0.84
128 x 32 503 2176 0.53
192 x 48 613 2708 0.29
256 x 64 638 3176 0.19
CT2 96 x 24 620 3065 1.33
128 x 32 667 3281 0.80
192 x 48 783 3489 0.38
256 x 64 869 4310 0.26
CTS 96 x 24 546 2353 1.02
128 x 32 617 2590 0.63
192 x 48 779 3285 0.35
256 x 64 888 4807 0.29

to compute one cycle increases as the mesh is refined, leading to a
significant increase in the overall CPU time.

However, it is interesting to note that the number of pseudotime
steps per cycle does not increase dramatically. Also, the CPU time
per cycle and per grid point decreases as the size of the mesh in-
creases due to a reduction in the number of CG iterations per grid
point, suggesting no deterioration of the efficiency of the method
on fine meshes. This represents an improvement compared with the
results obtained in Ref. 3, for which it was observed that the per-
formance of the CG method degraded as the size of the problem
increased, therefore requiring smaller time steps on finer meshes
for the linear solver to converge within the specified number of CG
steps.

Figure 4 shows the normal force and moment obtained for case
CTS5 for the various grids considered here. Perfect matching is ob-
tained with all grids for the normal force coefficient, whereas the
moment coefficient exhibits a higher sensitivity to the size of the
grid. However, these results suggest that no significant gain in accu-
racy is obtained when using fine grids and that sufficient accuracy
can be obtained on a relatively coarse grid (typically 128 x 32) for
Euler computations at similar flow conditions.

VI. Multielement Demonstration: Williams Airfoil?

To demonstrate the performance of the method for more complex
motions, we consider here a demonstration case for the Williams
airfoil (configuration B)?® with an oscillating flap. Several test cases
were considered for this configuration with various amplitudes for
the flap deflection up to 14 deg. The mesh consistsof 15 blocks with
11,228 grid points (10,367 mesh cells). The blocks that are allowed
to deform are selected by the user by means of a graphicalinterface.
The choice is made to retain the overall quality of the grid. For
this particular problem, a minimum of 4 blocks for very small flap
deflections and up to a maximum of 10 blocks for larger amplitudes
(over 10 deg) were considered. It was found, in all cases, that better
grids were obtained when allowing a large number of blocks to be
deformed, allowing the distortion of the mesh to be reduced and
spread over a larger flow region.

The flow conditions used for the steady computation about the
Williams airfoil (configuration B) are a freestream Mach number
of 0.58 and a zero incidence angle, which results in a supercritical
flow. Previous computations of this test case’*'?* indicate a strong
shock wave on the upper surface of the main airfoil situated at
approximately 50% chord of the airfoil, with a local Mach number
reaching 1.5 just ahead of the shock.

Comparison has been made with the steady version of the code for
the Williams airfoil (configuration B)** and compared with previous
results obtained with an analytical full potential solution and other
computations. Close agreement with the full potential solution®’
was obtained, as shown in Fig. 5. The results also agree well with
those of Stolcis and Johnston®* obtained for Euler computations.

We present here the results obtained for an oscillating flap, where
the periodic motion of the flap is defined by its deflection angle as

a(t) = o + ap sin(wt)
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Fig. 6 Multiblock grid for the original Williams airfoil (top)~ and

15-deg flap deflection case (bottom).

where «,, = 7 deg is the mean deflection angle, oy = 7 deg is the
amplitude of the flap oscillation,and k = wc/2U,, = 0.0814 is the
reduced frequency. The deflection of the flap is counted with respect
to the position of the flap of the original Williams airfoil (configura-
tion B), which is positive when the flap is deflected downward and
negative when deflected upward. The flap is rigidly rotated about
the point situated near its leading edge with coordinates x = 0.98
and y = —0.07. A view of the original and deformed grid around
the flap is shown in Fig. 6.

An initial solution was first obtained by solving a steady-state
problem at the mean deflection angle, and the flap was then set

o =707 o = 14.0¢

a = 7.00°\ a=0.0°

Fig.7 Pressure contours for Williams airfoi

123 with oscillating flap.

in motion to solve the unsteady problem for the oscillating flap.
The calculations are continued until a periodic solution is obtained,
usually after two or three cycles. For this test case, which involves
largedeformationwith a flap deflectionreaching 14 deg with respect
to the original positionof the flap, i.e., undisturbed grid, it was found
that a reduction in the implicit Courant-Friedrichs-Lewy (CFL)
number (down to approximately 50) was necessary to obtain the
initial steady-state solution, after which the implicit CFL number
was increased up to 250 for the rest of the unsteady computation.

Figure 7 shows some pressure contours at four different angles,
showing clearly the displacement of the strong shock wave on the
upper surface of the main airfoil. As the flap is deflected downward,
the shock wave located on the upper surface of the main airfoil moves
downstream and the pressure plateau ahead of the shock increases
slightly, resulting in a significant increase in lift. At maximum flap
deflection (14 deg), the shock is located at approximately 70% of the
main airfoil chord, whereas at minimum deflection (corresponding
to a zero deflection angle), the shock is situated at about 50% chord.
It is also interesting to note that the extra lift generated by the flap
itself increases significantly as the flap moves downward. For this
particular test case, the lift coefficient varies about £20% during
the cycle.

VII. Conclusions

The capability of an unfactored implicit method for the solu-
tion of the two-dimensional Euler equations on moving meshes has
been demonstrated. The results obtained confirm the applicability
of the current time-stepping strategy, which combines a dual-time
approach to discretize the unsteady equations with an implicit time-
stepping method for the solution of the steady-state problemin pseu-
dotime. The method is based on a general conjugate gradient solu-
tion of the linear system with a BILU factorization used for the
preconditioner. This preconditioningstrategy allows decoupling of
the blocks for the solution of the linear system, resulting in a very
efficient parallel implementation of the method.

The method was incorporated within a multiblock environment
and was used in conjunction with a general moving grid technique
that allows rapid and efficient deformation of the grid in the case
of complex geometries. Very encouraging results were obtained for
a demonstration test case consisting of a two-element airfoil with
an oscillating flap. The new strategy employed here, based on a
transfinite interpolation of the grid displacements, is not restricted
to rigid-body motion and simple geometries, and it therefore pro-
vides a useful tool for computing aeroelastic problems for complex
geometries.
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Results were presentedfor several pitchingairfoil flows (AGARD
testcases), and good agreement was noted with both experimentand
previous computations reported in the literature. Improved perfor-
mance was obtained, due not only to the improved performance
of the CG solver and its preconditioner but also to the use of the
dual-time approach for the solution of the unsteady equations.

A grid refinement study was carried out and showed no deterio-
ration in the efficiency of the method as the size of the problem is
increased. Large time steps can be used, corresponding to a mini-
mum of 10 or 20 steps per cycle for some cases.

The validation of the present method for unsteady Euler compu-
tations represents only an intermediate step in the development of a
general flow solver capable of tackling turbulent viscous flows for
complex geometries, and an immediate area of future work is the
implementation of a two-equation k-w turbulence model into the
dual-time framework.
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